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Remark (Existence and uniqueness)

Existence and uniqueness of a solution
(u,p) € C([0, T], H(div, Q) x H5(Q)) N C'([0, T], L*(Q)* x L*(Q))

for suitable initial and right hand side data follows from the semigroup theory.
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Variational formulation

/u+Vp=0 inQx (0, 7),
op+divu=20 inQ x (0, T),
p=0 on 90 x (0, T).
Variational characterization
(Gru(t),v) — (p(t),divv) =0 Vv e H(div, Q)
(9p(t),q) + (divu(t),q) =0 Vg € L}(Q)

Remark
Each classical solution satisfies the variational characterization.

Remark

The spaces corresponding to the weak formulation are L2(Q) for p and
H(div, Q) for u.
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Discrete spaces

Vi = BDMy := PY(Tp) N H(div,Q)  Qn=Po:=Po(Tn)  divVh= Qy
Projection operators pp, : H'(75) N H(div, Q) — Vi, and 7 : L2(Q) — Qn
div ppv = 7r2div 1%
u— pnull2iq) < Ch|ul2,q,

Il — 7Pl 20 < ChIPl1,0-
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Semi-discretization

Problem
For (un(0), pr(0)) = (pntio, Topo) and all t > 0 find (un(t), pn(t)) € Vi x Qn
such that

(Orun(t), va) — (pn(t),divva) =0 Yvh € W,

(0tpn(1), Gn) + (div un(t),gn) =0 Vgn € Qh.



Semi-discretization

Problem

For (un(0), pr(0)) = (pntio, Topo) and all t > 0 find (un(t), pn(t)) € Vi x Qn
such that

(Orun(t), va) — (pn(t),divva) =0 Yvh € W,
(0tpn(1), Gn) + (div un(t),gn) =0 Vgn € Qh.

Theorem (Error estimate for the semi-discretization)
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Semi-discretization

Problem
For (un(0), pr(0)) = (pntio, Topo) and all t > 0 find (un(t), pn(t)) € Vi x Qn
such that

(Orun(t), va) — (pn(t),divva) =0 Yvh € W,

(0tpn(1), Gn) + (div un(t),gn) =0 Vgn € Qh.

Theorem (Error estimate for the semi-discretization)
Let Vi, = BDMy, Qn = Py. Then if (u, p) sufficiently smooth

lu(t) = un(t)ll 2 + mhP(t) = Pa(B)ll 2y < C(u, P)H”

Theorem (Post-processing for the pressure)

For (u, p) sufficiently smooth, we have

p(t) = Pr(t)ll 120y < C(p, u)h?



Motivation for new method
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Motivation for new method

Mu,+ Bpr, =0
Dpn— B up=0



Motivation for new method

n+1/2

uh n—1/2

M + Bph =0

DB B g
T

Compute (up™"/?, prt') from (up~'/2, pf).



Motivation for new method

uZ+1/2 n—1/2

—u
M h_ yBpl =0
pn+1 _ pn
pPr_ —Ph _ gTyrtiz_g
-
Compute (up™"/?, prt') from (up~'/2, pf).
) Y ) ) t
1




Motivation for new method
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Motivation for new method

(01Uh(f), Vh)h - (ph(t),div Vh) =0 Yvh € Vp,
(Otpn(t), gn) + (divun(t),qn) =0  Vgn € Qh.

3

(Un, Vn)h = Z (r)va(r)

where r; represent the edges of the element.

Norm equivalence

’
5 alln < lIValli2@) < lIVallng, — VVh € Vh.



Motivation for new method

(Orun(t), vn)n — (pn(t),divvy) =0 Yvh € Vh,
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v] ot Tt Tt 4
T >
S -+
T -
T -
T -
T -
T -
<+ \ -+

+ = = = +




Motivation for new method

(Oeun(t), va)n — (ph(t),div Vh) =0 Yvh € Vh,
(0tpn(1), Gn) + (div Un(t), gn) =0 Vgn € Q.
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Motivation for new method
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Motivation for new method
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What do we lose ? Let’s take a look at what the numerical tests have to say...
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Motivation for new method

(f)zuh(t), Vh)h - (ph(t),div Vh) =0 Yvh € Vp,
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What do we lose ? Let’s take a look at what the numerical tests have to say...

[ Fau(t) — un(t)]| 20y < Ch lmhp(t) = Pa(t) 20y < CHP.

WHY ?



Motivation for new method
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Motivation for new method

(azuh(t), Vh) — (ph(t),div Vh) =0 Yvp € Vh,
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Lemma (Discrete energy estimate)
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Proof idea : Test equations with g, = px(t) and v, = up(t).
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(6fuh(t), Vh) — (ph(t),div Vh) =0 Yvp € Vh7
(Oepn(t), gn) + (div un(t), gn) =0 Van € Qp.

Theorem (Error estimate for the semi-discretization)

llpnu(t) — n(t)lli2@) + I720(1) = Pa(t)ll 20y < C(u, PYH?

For wi(t) = pru(t) — up(t) and ry(t) = #dp(t) — pu(t), we have
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(@(1): an) = (D:(mhp(t) — P(1)), Gh) + (div pau(t) — div u(t)), n) = O



Motivation for new method

(Orun(t), va) — (pn(t),div vi) =
(Orpn(1), gn) + (div un(t), gn) =

Yvp € Vh7

0
0 Yan € Q.

Theorem (Error estimate for the semi-discretization)

llpnu(t) — n(t)lli2@) + I720(1) = Pa(t)ll 20y < C(u, PYH?

For wi(t) = pru(t) — up(t) and ry(t) = #dp(t) — pu(t), we have
(OeWh(1), vin) — (r(t), div vi) = (F(£), Vi)
(9irn(t), Gn) + (div wi(t), gn) = (9(1), qn)

with initial values wx(0) = 0, r»(0) = 0 and right hand sides

(F(1), vn) < CH0u(t) ] ooy 1 Vil 2

(9(1),qn) =0
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Taking a step back ...
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Taking a step back ...

Consider the elliptic projection
(Wh, Vh)h — (fh,diV Vh) = (W7 Vh) — (r, div Vh) Vv, € Vh,

(div wh, gn) = (div w, gp) Yagn € Qp.

Lemma (Estimates for the elliptic projection)
If Q is convex, we have

||7r2r - rh||L2(Q) < Ch2(||W||H1(Q) + ||div W||H1(Q))-
whenever w and r are sufficiently smooth.

Vague idea : Duality arguments and

Chllu, Vhll,2
[(un, Vi) — (Un, Vi)n| < ! hHH1(Q)H e @
Ch||unll i1y IVall 1 @)
@ M. Wheeler and I. Yotov.

A multipoint flux mixed finite element method.
SIAM J. Numer. Anal., Vol. 44, No. 5, pp. 2082-2106.



Auxiliary functions

Consider the functions uj; € C'(0, T; V) and p; € C(0, T; Qn) satisfying

(Otup (1), va)n — (pr(t),div vi) = (B:u(t), vin) — (p(1),div vi)  Yvh € Vj
(div Orup (1), gn) = (div O:u(t), gn) Van € Qn
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Auxiliary functions

Consider the functions uj; € C'(0, T; V) and p; € C(0, T; Qn) satisfying

(3(U;(l‘), Vh)h — (p;(t),div Vh) =0 Yvy € Vp
(div Brup (1), gn) = (div Oru(t), gn) Van € Qn

and

(up(0), va)n — (rr (0),div vi) = (u(0), vi) Yy € Vi
(div up(0), gn) = (div u(0),gn) Vg € Qn

Lemma (Approximation error estimates)

We have
(div uh(t) — div u(t),gn) =0, Vagn € Qp
Moreover, if Q is convex, we have
Imhp(t) = Pa ()2 < CHP (110eU()l] 1) + Idiv Oet() |1 ()

whenever u is sufficiently smooth.
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A new method
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Theorem (Error estimate for the semi-discretization)

Ihp(t) = Pl 20y < C(u)H?

Proof: Split [[mhp(t) — pa(t)| < Imhp(t) — PA(E)I| + PR () — Pa(D)]l-
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A new method

(8[Uh(t), Vh)h - (ph(t),div Vh) =0 Yvh € Vp,
(Otpn(t), gn) + (div un(t),gn) =0 VYgn € Q.

Theorem (Error estimate for the semi-discretization)

Ihp(t) = Pl 20y < C(u)H?

Proof: Split [[mhp(t) — pa(t)| < Imhp(t) — PA(E)I| + PR () — Pa(D)]l-

What is C(u) ? One of the terms it contains is

[div Oeu(t)]] (0

|mhop(t) — pn ()l 20y < CH? (|| B Dru(t) ] 11 (@ + ldiv 3:0ru(t) | 1))



Post-processing for the pressure

Idea : Construct p, € Pi(7s) from us, ps. Testing the momentum equation
with Vg € [2(Q)? gives

(VP,V@)k = —(0wu, Vq)k.



Post-processing for the pressure

Idea : Construct p, € Pi(7s) from us, ps. Testing the momentum equation
with Vg € [2(Q)? gives
(Vp,Va)k = —(8u, VQ)«.
Problem
For all K € Th, t > 0 find pn(t) € Pi(K) such that

(VPn(1), Van)k = —(3tun(t), Van)k  Yan € Pi(K)
(Pn(t), an)x = (Pn(t), Gn)x Van € Po(K),

@ R. Stenberg Postprocessing schemes for some mixed finite elements.
RAIRO Model. Math. Anal. Numer. 1991

@ Y. Chen Global superconvergence for a mixed finite element method for
the wave equation. Systems Sci. Math. Sci. 1999



Post-Processing for the pressure

Theorem
For (p, u) sufficiently smooth, we have

Ip(t) = Br(t)ll.2) < C(p, u)h?



Post-Processing for the pressure

Theorem
For (p, u) sufficiently smooth, we have

Ip(t) = Br(t)ll.2) < C(p, u)h?

We split the error

1= Bz < 10— 71pllizg) + oo — Bn)lizg + 10 — 7o) (w1 — Bn)l 2
<|lp = mpllzwk) + 7P — Pall2k) + hxlIV (m1p — 5h)||L2(K)'



Post-Processing for the pressure

Theorem
For (p, u) sufficiently smooth, we have

Ip(t) = Br(t)ll.2) < C(p, u)h?

We split the error

1= Bz < 10— 71pllizg) + oo — Bn)lizg + 10 — 7o) (w1 — Bn)l 2
<|lp = mpllzwk) + 7P — Pall2k) + hxlIV (m1p — 5'7)”L2(K)'

We compute

(V(m1p — Pr), Vn)k (m1p = P), Van)k + (V(p — Pn), Van)«
(m1p— p), Van)k — (8:(u — up), Vgn)k

= (V
=(V
< (IV(mp— Pl 2y + 10:(u — Uh)HLZ(K)) ||Vah||L2(K)-



Auxiliary functions

Consider the functions uj; € C'(0, T; V) and p; € C(0, T; Qn) satisfying

(3(U;(l‘), Vh)h — (p;(t),div Vh) =0 Yvy € Vp
(div Brup (1), gn) = (div Oru(t), gn) Van € Qn

and

(up(0), va)n — (ry (0),div vi) = (u(0), vi) Yy € Vi
(div uy(0), gn) = (div u(0),gn) Vg € Qn

Lemma (Approximation error estimates)

We have
(div uh(t) — div u(t),gn) =0, Vagn € Qp
Moreover, if Q is convex, we have
Imap(t) = Pa (D)2 < CH (110Ul 1) + Idiv Bet(t) |1 ()

whenever u is sufficiently smooth.



Auxiliary functions

Consider the functions T € C'(0, T; V) and p; € C(0, T; Qn) satisfying

(OG5 (1), vh) — (B (1), div vi) = O Vo € Vi
(div 8y (1), gn) = (div Sru(t), gn) Van € Qn

and

(Un(0), va) — (17 (0),div vi) = (u(0), v) Yvn € Vy
(div U(0), gn) = (div u(0),qn)  Van € Qn

Lemma (Approximation error estimates)

We have
(div up (t) — div u(t),qn) =0, Vagn e Qn
Moreover, we get
lu(t) = T (D))l < Cu)r

whenever u is sufficiently smooth.



Post-processing for the velocity

First try :

(ﬂh(t), vh) = (Un(t), vh)n Yvy € Vy

O(H?) O(h3/2)

lu(t) = Tn(B)ll.2 < llu(t) = wPu()l2 + [Ixfu(t) = Tn(t)ll2 < C(L)A™2 2




Post-processing for the velocity

First try :

(ﬂh(t), vh) = (Un(t), vh)n Yvy € Vy

O(H?) O(h3/2)

lu(t) = Tn(B)ll.2 < llu(t) = wPu()l2 + [Ixfu(t) = Tn(t)ll2 < C(L)A™2 2

Second try :

(Uh(t), Vh) — (Th(t),div V) = (Un(t), Va)n Yvp € Vp,
(diV Tlh(t), qh) = (diV Uh(f), qh) Yagn € Qp.

o) o(?)

lu(t) = Tn(t)lle2 < [lu(t) = mu(t)l| 2 + 7T u(t) = Un(t)]l2 < C(u)H?




Post-processing for the velocity

Problem (Post-processing strategy for the velocity)
Forevery0 <t < T, find us(t) € Vi, such that

(Eh(t), Vh) = (Th(t),div Vh) = (Uh(t), Vh)h Vv, € Vh,
(diV Eh(t), qh) = (diV Uh(t), qh) th € Qn.



Post-processing for the velocity

Problem (Post-processing strategy for the velocity)
Forevery0 <t < T, find us(t) € Vi, such that

(Eh(t), Vh) = (7;,(1‘)7div Vh) = (Uh(t), Vh)h Vv, € Vh,
(diV Eh(t), qh) = (diV Uh(f), qh) th € Qn.

Theorem (Error estimate for the improved velocity)

Let Q be convex. Then

lu(t) = Tn(t)lli2(e) < Cu)h?



Post-processing for the velocity

Proof:
Post-processing scheme at t = 0

(Un(0), vn) — (n(0), div vh) = (un(0), Va)n
(div Un(0), gn) = (div UA(0), gn)
Exact elliptic projection for the initial conditions
(Un(0), va) — (75 (0), div v») = (u(0), vh)
(le E;; (0)7 Qh) = (le U(O)7 Qh)
Inexact elliptic projection for the initial conditions
(up(0), va)n — (rr (0),div vi) = (u(0), vi)
(le U;(O), Clh) = (le U(O), Qh)

Vv, € V/L,7
Yaqn € Q.

Yvp, € Vp
Van € Qn

YVh € Vi
Van € Qn



Post-processing for the velocity

Proof:

(1) = (Un(0), vh) — (7a(0), div V) = (un(0), Vh)n

(if) = (Up(0), va) — (7 (0), div va) = (u(0), vh)

(i) = (up(0), vn)n — (1 (0), div vin) = (u(0), va)
Computing (i) — (i) — (iii) and using ux(0) = u;(0) yields

(ur (0) — Tn(0), va) = (1, (0) — T(0) — r4 (0), div vp)
This means

(Up(0) — un(0), va) =0 Yvy € Vi with div v, =0



Post-processing for the velocity

Proof:
(Eh*(O) — Tlh(O), Vh) =0 Vv € V, with div v, =0
Post-processing scheme
(folh(t), Vh) — (O;Th(t),div Vh) = (f)tuh(t), Vh)h Vv, € Vp
(div OrUn(t), gn) = (div Orun(t), gn) Van € Qn
Exact elliptic projection
(Ortn (1), vn) — (Pr (1), div v4) =0 Yy € Vi
(div Oy (1), gn) = (div Sru(t), gn) Van € Qn
Inexact elliptic projection

(8{U;(t), Vh)h — (,D;(t)7div Vh) =0 Vv, € Vh
(div Ui (1), gn) = (div u(t), qn)  Yan € Qn



Post-processing for the velocity

Proof:
(Eh*(O) — Tlh(O), Vh) =0 Vv € V, with div v, =0

(1) = (BtUn(t), vi) — (Oern(t), div vh) = (Drun(t), va)n
(i) = (Btuh (1), vh) — (Pa(t),div va) = 0
(fii) = (8{U;(t), Vh)h — (p};(t),div Vh) =0

Computing (ii) — (i) — (iii) and using d:un(0) = d:u;;(0) yields
(Octp () — Orln(t), V) = (Pn (1) — Pa(t) — OrTh(t), div Vn)
This means

(8tﬂ,,*(t) — 8{?])7(0, Vh) =0 Vvy € Vi, with div v, =0



Post-processing for the velocity

Proof: B B
(Uy (0) — un(0),vn) =0 Vv, € Vjy with div vy, =0

(azah*(t) — 8;&},(1’), Vh) =0 Vvh € V, with div v, =0



Post-processing for the velocity

Proof: B B
(U (t) — un(t),va) =0  Yvy € V, with div v, =0



Post-processing for the velocity

Proof:
(Eh*(t) — Tlh(f), Vh) =0 Vv € V, with div v, =0

Divergence condition of the post-processing scheme

(div Un(t), gn) = (div un(t),gn)  Vqn € Qn
Property of the inexact elliptic projection

(div Uh (1), gn) = (div u(t),qn)  Van € Qn
Property of the exact elliptic projection

(div up (1), gn) = (div u(t), gn) Yan € Qp



Post-processing for the velocity
Proof:
(Eh*(t) — Tlh(f), Vh) =0 Vv € V, with div v, =0
Divergence condition of the post-processing scheme
(1) = (div un(t), gn) = (div un(t), gn)

(if) = (div Ux(t), gn) = (div u(t), gn)

)=
)=
(i) = (div uh(t), gn) = (div u(t), gn)
Computing (i) — (i) — (iii) yields

(div (s (t) — Un(t) + un(t) — Us(1)),qn) =0 Van € Qn



Post-processing for the velocity

Proof: B B
(Uh*(f) —up(t),vn) =0 Vv, € Vp with div vy, =0

(div (y (1) = Un(t) + un(t) — us(1)),qn) =0 Van € Qi



Post-processing for the velocity

Proof:
(Up (t) — un(t),vn) =0 Yvh € Vi with div vy, =0

(div (up (t) — un(t) + un(t) — ur(t)),qn) =0  Vgn € Qn
Actual start of the proof:
[u(t) = Un(t)ll 20y < lu(t) — Un (D)lli2(@) + 1Un (1) — Un(t)ll 20
We have [|u(t) — Uy (1)l 2() < C(u)h?. For the second term, we compute
1Tn (£) = Tn(D) 120y = (U (1) = Tn(t), T (t) — Tn(t) + Un(t) — Un(t))e

+ (n (1) — Un(1), up (1) — un(t))a
< 11Gs () = Un(t)ll 20y llUA (1) = Un(D) ]l 2

In summary, we get

1Tr (1) = Tn()l 20y < NUA(E) = Un(t)ll 2y < C(U)H?



Post-processing

Problem

For (un(0), pr(0)) = (pntio, Topo) and all t > 0 find (un(t), pn(t)) € Vi x Qn
such that

(Orun(t), va)n — (pr(t),divvy) =0 Yvh € Vi,
(9tpn(1), Gn) + (div un(t), gn) =0 Vqn € Q.

Theorem (Error estimate for the semi-discretization)
Let Vi, = BDMy, Qn = Po. Then if (u, p) sufficiently smooth

lu(t) — un(t)ll 2y + [lP(t) = Pa(D)ll2(@) < C(u, P)h.

Theorem (Full post-processing error)
Let Vi, = BDMy, Qn = Py. Then if (u, p) sufficiently smooth

lu(t) = Tn(t)ll 2 + () = Pa(t)ll 2y < C(u, P)A".



The fully discrete scheme

Problem (Fully discrete problem)
Set u = uj;(0) and p? = p;(0) and define u; '/* € Vj, as solution of

_ T 9
(up 2, Vi)n = (UR, Vi) — E(Pg,dlv V) VVh € V.

Then forn >0 find(u,’}“/z,p,’,’“) € Vi, x Qu, such that

un+1/2 _ un71/2
( i - i 5 Vh)h = (pﬂ,div Vh) =0 Yvp € V.
n+1 _ an
(u»%) +(div up2 gn) =0 Vagn € Q.
f Y °) ) t
i i i i i
tos ts s bs s




Fully discrete results

Theorem (Estimates for the discrete error)
Let Q be convex. Then, if the CFL condition is satisfied

1T = Tr (")l 2y + 1Ph = BA (")l 2(@) < C(U)(H? +7°)

forall0 < n < N — 1. In addition, we also have
PR — Tho(t")l 20y < C(U)(H? + 7°).




Fully discrete results

Theorem (Estimates for the discrete error)

Let Q be convex. Then, if the CFL condition is satisfied
1T — Ty (")l 2y + 107 — B (1)l 2y < C(U)(H? + 7°)
forall0 < n < N — 1. In addition, we also have

1Pk — mhp(t")lli2(@) < C(U)(H + 72).

Theorem (Post-processing error)
Let Vi, = BDMy, Qn = Py. Then if (u, p) sufficiently smooth

(") = Un'll 2y + IP(t") = Pa'll 20y < C(u, p)(h + 7°).



Remarks

v

Extension to the a fully discrete scheme
Only for lowest order Q, = P, and Vj, = BDM,
The convexity condition is sufficient.

v

v

» We require quasi-uniformity of the triangulation 7.
» Can compete with FDTD, does not require uniform grid.



Numerical results

Let Q = (—1,1)? and take
p(x, v, ) = sin(rx) sin(ry) (sin (ntv2) + cos (ntv2))
u(x,y,t)y= fg (sin (m‘\@) — cos (ﬂ't\/é)) (COS(WX) Sin(ﬂy))

sin(mx) cos(my)



Numerical results

Let Q = (—1,1)? and take
p(x, v, ) = sin(rx) sin(ry) (sin (ntv2) + cos (ntv2))
u(x,y,t)y= fg (sin (m‘\@) — cos (ﬂ't\/é)) (COS(WX) Sin(ﬂy))

sin(mx) cos(my)

ph = 7hp(0)

(.) up = pnu(0)
lup' — u(t")l 20y + lPa — P(E")l 2() O(h)
lug = pat(t) |20y + o7 — ToP(t") ]| 20 o(h)
1p(t") — PRIl 20 o(h?)




Numerical results

ph = mp(0)
up = pnu(0)

('7 )h
lup = u(t)ll2) + llPr — P(")l2()

lup — %;;(tn)”LZ(Q)
los — mhP(t")l 2(q)

lug' = uh () lizg) + 1P — PR (")l 2

(") ~ P20
(") — Oz

o(h)
O(h)
O(h?) ?
O(h)
O(h*) ?
O(h)



Numerical results

ph = Pi(0) | P = mhp(0)
(s)n up = u;(0) | up = pnu(0)
|up' — u(t)l 2y + lPa — P(E")]l 2(0) O(h) O(h)
ug' — up (1)l 20 O(H?) O(h)
oy — mop(t") |20 O(h?) O(H?) ?
lup' — up (8l 2y + lPa — PR (")l 2(0) o(h) O(h)
e(t") — Prll 2 () o(h) O(h?) ?
u(t") — gl 2(q) o(h) O(h)

Thank you for your attention

Acknowledgement : The work of Bogdan Radu is supported by the ’Excellence Initiative’ of the
German Federal and State Governments and the Graduate School of Computational Engineering
at Technische Universitdt Darmstadt



